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Abstract. Let V/F q be a variety of dimension at least two. We show that the 
density of elliptic curves E/F q (V) with positive rank is zero if V has dimension 
at least 3 and is at most 1 — Cv(3)~ 1 if V is a surface. 



1. Introduction 

Let TV be a positive integer, consider the set £Cm consisting of elliptic curves 
y 2 = x 3 + Ax + B such that A, B <E Z, the Weierstrass equation is minimal (i.e., 
there is no u ^ ±1 such that u 4 divides A and u 6 divides B) and such that the 
absolute value of the discriminant |4^4 3 + 27B 2 | is at most N. Consider the "average 
rank" 

Um Ege£C w rank ^(Q) 

N^too ^£Cn 

Not very much is known about this limit, even its existence is not clear. Recently, 
Bhargava and Shankar [1 announced that the limsup of this sequence is at most 
1.17 and that the liminf is nonzero. It is conjectured that the average rank is 
1/2. Moreover, there is a collection of refined conjectures. One of these is that for 
e £ {0, 1} we have 

#{E S £C N I rank£(Q) = e} 1 

* ^ JToo WC~N = 2 • 

In particular, the elliptic curves with rank at least 2 have density zero among all 
elliptic curves. 

We switch to the case of elliptic curves over function fields of curves. I.e., we fix 
a geometrically irreducible curve C /F q and consider the set of isomorphism classes 
of elliptic curves E/F q (C). We order these curves by the degree of the minimal 
discriminant. Since for a given degree there are only finitely many isomorphism 
classes of elliptic curves with minimal discriminant of that degree, we can define /z e 
for elliptic curves over F q (C) and we can define the average rank of elliptic curves 
over Fq(C). Again one expects fio — fix = 1/2. 

In the number field cases these conjectures are justified by a combination of 
the Birch-Swinnerton-Dyer conjecture and several conjectures on (the L-series of) 
modular forms. In the function field case one exploits that an elliptic curve E/F q (C) 
has an associated surface S/F q . The characteristic polynomial of Frobenius on the 
second cohomology of S behaves "analogously" to the L-series of a modular form 
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and one uses this to justify the conjectures in this case. For an extended discussion 
of this see e.g. [3 Introduction], for a different point of view see [2]. 

The purpose of this paper is to show that analogous conjectures do not hold if 
one considers elliptic curves over F q (V), where V is a variety of dimension at least 
2. 

To ease the presentation we discuss in the introduction only the case where 
the characteristic of F g is at least 5. The main results, however, hold also in 
characteristic 2 and 3. 

To formulate our main result we need to fix some more notation: Let V/F q be 
a smooth geometrically irreducible projective variety of dimension at least 2. Let 
C be an ample line bundle on V. Then an element of / G K{V) can be written as 
/ = s/t with s, t € H°(C k ),t ^ for some k > 0. The degree of / is the minimal 
possible such A: in a representation / = s/t. After replacing C by some tensorpower, 
if necessary, we may assume that h°(C) ^ 0. Fix a nonzero element t G H°(C), let 
R := ® k > H°(C k ). Then for each elliptic curve E/F q {V) we can find a Weierstrass 
equation?/ 2 = x 3 +A/t ik x+B /t 6k such that A G H°(C ik ),B G H°(C 6k ). Moreover, 
we may assume that there is no / G R \ F q such that / 4 divides A and / 6 divides 
B. Under this assumption the pair (A, B) is uniquely determined by E up to the 
action of F* with weight (4,6) on (A,B). We call such pairs (A,B) minimal. 

For a scheme X/F q define Weil's zeta function 




The main result we prove is the following: 
Theorem 1.1. Let R, t and V/F q be as above. Let 

A,B G H°(£ 4k ) x H°{£ 6k ) 

E N = { E a ,b :y 2 = x 3 + Ar Ak x + Br 6k 



for some k < N, 
(A, B) is minimal 
and AA 3 + 27B 2 ^ 



Then 



r ■ t #{Ea.b € £n I rank£4, B (F g (V0) = 0} v , n w 
/!o:= hmmf '■ — '■ * >Cy(dimy + l) \ 

Moreover, if dim V > 3 then /iq = 1 . 

In the case dimU = 2 we have that /zo > 1/2 if Cv(3) < 2. This inequality is 
achieved if we replace V/F q by Vf r /F qr for r sufficiently large. 

The proof of both results consists of two parts. The first part is geometric. Each 
Ea,b G £k yields a hypersurface Y a ,b in P(C © ^" 2fc © £ -3fc ). We show that if the 
rank of Ea,b is positive then Ya,b has a Weil divisor that is not Q-Cartier. This is 
the point in the proof where we use dim V > 1. I.e., this claim is false if dim V = 1. 
Since Ya,b has a Weil-divisor that is not Q-Cartier and Ya,b has only hypersurface 
singularities, it follows from [3J Theoreme XI. 3. 13] that F s ing has codimension 2 or 
3. 

We then use this geometric result to find a lower bound for jUq. This is done 
by applying a modification of Poonen's Bertini Theorem over finite fields [7]. This 
(modified) result yields directly the densities mentioned in Theorem 11.11 
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It seems unlikely that the bound for /io in the two-dimensional case is sharp. Us- 
ing the ideas presented in [4] one expects that if E/C(s, t) has positive Mordell-Weil 
rank then the corresponding hypersurface Y in P(0ffi£(— 2fc)©£(— 3fc)) has Milnor 
number at least 12deg(£) 2 fc 2 . A similar result should hold in positive characteris- 
tic, i.e., one needs a lot of singularities on Y in order to have positive Mordell-Weil 
rank. In our density calculation we only use that Y is singular. However, we did 
not manage to adapt the above observation in the density calculations. 

The organization of this paper is as follows: In Section[5]we discuss the algebraic 
part of the proof, i.e., we prove that if TaxikE(F q (V)) is positive then the model 
in P(0 © £~ 4k £~ 6k ) is singular in codimension 3. In Section[3]we calculate the 
densities. 

2. Model in a P 2 -bundle 

Let p be a prime number. Let q = p r be a prime power. Let V/F q be a smooth 
and geometrically irreducible variety of dimension n — 1, with n > 3. 

Let £ be a very ample line bundle on V and k > be an integer. Define 
£ k = O © £- 2k © £~ 3k . Then P(£ fc ) is a P 2 -bundle over V. Let tt : P(£ fc ) ->• V 
be the bundle projection. We use Grothendieck's definition of projective space, in 
particular, 7r*0p(£ fe )(l) = Fix sections 

X := (0,1,0) e i? ^ ©Offi/:- fe ) = H°(O n£k) (l) ®£ 2k ), 

Y := (0,0,1) G iJV 3 * ©£ fc eO) = H (Op (£ - fc )(l) ©£ 3fe ), 

Z:= (1,0,0) e H (O®£- 2k ®£~ 3k ) = H (O P(£k) (l)). 

For i = 1, 2, 3, 4, 6 fix sections a t . in H°(£ lk ). Then 

(1) y 2 Z + ai XYZ + a 3 YZ 2 = X 3 + a 2 X 2 Z + a 4 XZ 2 + a 6 Z 3 

defines a hypersurface W in P(£). Let A G H°(£ 12k ) be the discriminant of this 
equation. If A does not vanish on all of V then the general fiber of the projection 
tt\w ■ W — i- V is an elliptic curve, where we take X = Z = as the zero-section. In 
particular, we obtain an elliptic curve E/F q (V). Conversely, given an elliptic curve 
E/F q (V) we can find an integer k and sections such that the generic fiber of ([T]) is 
isomorphic to E/F q (V). The a, are not unique. Without loss of generality we may 
assume that there exists no positive integer j and no nonzero element u £ H ^) 
such that for all i we have that u % divides a,i in the ring ©ti?°(£ t ), i.e., we have a 
so-called minimal Weierstrass equation. 

It is well-known that without loss of generality we may assume the following: 

• If p = 2 then a 2 = 0. 

• If p = 3 then a\ = a 3 = 0. 

• If p > 3 then a\ — a 2 = &3 = 0. 

This assumption simplifies the calculation of densities later on. 

We show now that if E(F q (V)) is infinite then W has a Weil divisor that is 
not Q-Cartier. We start by studying the Cartier divisors on W. To this end we 
consider the etale cohomology of W^-. For the rest of this section fix a prime 
number £ ^ p. All cohomology groups under consideration are etale cohomology 
groups of the appropiate variety over F q . 

Definition 2.1. Let / : X — > Y be a proper morphism between quasi-projective 
varieties. We say that / is a proper modification if there is a proper closed subset 
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Z C Y such that f\x\f- 1 (z) '■ X \ f^ 1 (Z) — > Y \ Z is an isomorphism. The 
discriminant of f is the minimal closed subset A C Y such that f\x\f- 1 (A) : 
X\ f~ 1 (A) — > Y \ A is an isomorphism. We call E = f^ 1 {A) the exceptional locus 
off- 

Proposition 2.2 (Gysin sequence). Let X be a projective variety, Y C X be a 
closed subvariety. Then we have an exact sequence of etale cohomology groups: 

W C (X \ Y, Z t ) -> K(X, Z t ) -> H l c (Y, Z t ) -> \ y, Z e ) . . . 

Proof. Let i : Y — > X and j : X \ Y — > X be the inclusion then for each con- 
structable sheaf T on X we have the exact sequence 

-> Af J" -> ^ -> i*?T -> 0. 

Take now T = Zt- Then the cohomology of the first sheaf is by definition the 
cohomology with compact support of X \ Y. Since X and F are proper we obtain 
the following long exact sequence 

W C (X \ Y, Z t ) -> Z/) -> flj(y, Z,) -». . . . 

□ 

The existence of the following exact sequence seems to be well-known, but we 
could not find any reference in the case of etale cohomology. 

Proposition 2.3. Let f : X — > Y be a proper birational map between quasi- 
projective varieties. Let A C Y and E C X be closed subsets, such that f maps 
X \ E isomorphically to Y \ A. Then the following sequence is exact 

H l {Y) -> H l (X) © H\A) -> -> iT +1 (T) -> . . . 

Proof. Let U := X \ E and V := F \ A and let t : [/ -> X and j : V -> Y be the 
inclusions. We have the following commutative diagram 

H*(Y, jtZt) H*(Y, Zt) H*(A, Z e ) ■ • • 



> H'(X, uZ e ) > W(X, Zt) > W{E, Zt) > ■ ■ ■ 

where the vertical arrows are induced by /. We prove now that /* : H l (Y, j<Zt) — > 
H l (X, L\Zt) is an isomorphism. Since / is proper we have by definition that 
R k .UuZt = R k (fi) ] Z i . Let /' = f\ v then we have that (//.)> = {jf')\ = j\fi Since 
/' is an isomorphism, we have f(Zt = Zt. This yields R k (ft)\Zt = R k j\f(Zt = 
R k j\Zt. The right hand side clearly vanishes for k > 0. Using the Leray spectral 
sequence we obtain the desired isomorphism 

H\X, u,Zt) = ® k+m=l H m (Y,R k U ] Zt) = H^YJiZe). 

A standard diagram chase finishes the proof. □ 

We return to our hypersurface W. 

Proposition 2.4. The map 7r|^ : H 2 (V) — > H 2 (W) is infective and has a one- 
dimensional cokernel. Let i : W — > W be the fiberwise elliptic involution. Then 
l* : H 2 (W) -> H 2 (W) is the identity map. Similarly, we have that 7r|^ : H 1 ^) -> 
H 1 (W) is an isomorphism. 
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Proof. Since ir\w ° o is the identity, it follows that a* o 7r|^r is an isomorphism, 
hence 7r|^ is injective. 

Use the linear system |£| to embed V into some P rn . Consider the weighted 
projective space P(2t, 3i, l m+1 ), where t = fcdeg(£). Let x, y, z , . . . , z m be coordi- 
nates on P(2f, 3i, l m+1 ). Consider the projection map ip : P(2t, 3i, l m+1 ) — » P m . 
Let Po := Let Wo C Po be the hypersurface defined by 

y 2 + a\xy + a^y — x 3 + a2X 2 + a^x + oq. 

There is a natural map / : P(£) — > Po- This map is a proper modification, i.e., the 
divisor {Z — 0} is mapped to the rational curve {zq = z\ = ■ ■ ■ = z m = 0}, and / 
is an isomorphism on the complements. The restriction f\yy maps the image S of 
the zero-section to the point p=(l:l:0:0:---:0) and yields an isomorphism 
W\X^Wq\{ P }. 

Now Po \ Wq is the intersection of Po with the complement of a hypersurface in 
P(2t, 3t, l m+1 ), hence U := P \ W is affine. Since n + 1 := dim U > 3 it follows 
that H 2n -' l {U) = 0, for i < 1, and therefore we have that H 2n (W ) = H 2n (P )- 

The map ip : P(£) \ W — > U is a proper modification. The center of this 
modification is a curve isomorphic to A 1 and the exceptional divisor is a line bundle 
over V , hence the cohomology of the exceptional divisor E is isomorphic to the 
cohomology of V. 

From Proposition 12.31 we obtain exact sequences for i = — 1, 0, 1 

= H 2n -\U) -> H 2n - l {P(£) \ W) -¥ H 2n -\V) = 0, 

where we use that dim V = dim U — 2 = n — 1. 

Hence H 2n ~ l (P(£) \ W) = 0. Since P(£) \ W is smooth we obtain by Poincare 
duality that 7?*(P(£) \ W) — for i — 1,2,3. From the Gysin exact sequence 
(Proposition [2j) it follows that H*(P(S)) = H l c (W) for i = 1,2. 

The cohomology of projective bundles is well-known, in particular, we have 
Hl(P(£ )) = 7r*iT^(F). This yields the statement concerning H 1 . 

For the statement concerning H 2 note that H 2 (P(£)) = ir*H 2 (V) © Qf, where 
the second summand can be generated by the first chern class of the divisor {Z = 0}. 
This implies that H 2 (W) = ir\wH 2 (V) © Q^, where the second summand is the 
first chern class of the zero-section {X = Z = 0}. 

On P(£) one has a fiberwise involution i : [X : Y : Z] M> [X : —Y : Z}. Restricted 
to W this is just the elliptic involution on the fiber. Now l* leaves H 2 (V) invariant 
and fixes the zero-section, hence it leaves H 2 (W) — H 2 (W) invariant. □ 

We want to define a cycle class map for cycles on W. The usual definition of 
the cycle class map for cycles on a variety X (cf. 6, Section 23]) assumes that X 
is smooth. We will give a different, but equivalent definition of the cycle class map 
that works also on singular varieties and mimics the cycle class map of Borel- Moore 
homology. 

For a variety X denote with C r {X) the free abelian group generated by irre- 
ducible codimenion r subvarieties, denote with CH r {X) the quotient of C r (X) 
modulo rational equivalence. 

Suppose for the moment that X is a smooth projective variety, and Z is an irre- 
ducible subvariety of codimension r. There is a natural isomorphism H°(Z sm , Qe) = 
Qe. One defines c r (Z) the class of Z as the image of 1 under the composition 

Q, -> H°(Z m , Q e ) -y H%JX \ Z sias , Q e ) = Hf(X, Q e ) -> H 2r (X, Q e ). 
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In order to generalize to the case where X might be singular, we modify this map 
by composing it with Poincare duality. Extending the composed map linearly map 
yields a linear map 

c* : C r {X) -> H 2n - 2r (X,Qt)*- 
There is an alternative dchnition of this map, using that Poincare duality is func- 
torial. For an irreducible subvariety Z of X consider the composition 

H°(Z sm , Qi) -+ H 2n ~ 2r (Z sm , Q e )* -+ H 2n ~ 2r (Z, Q,)* H 2n ~ 2r (X, Q,)*. 

The first map is Poincare duality. Since dim Z s - mg < n — r — 1 it follows from 
the Gysin sequence |J32J| that H 2n ~ 2r (Z sm ,Q e ) H 2n - 2r (Z,Q e ) this defines the 
second map, the third map is the dual of the map from Proposition 12.21 In this 
alternative definition of c* we did not use that X was smooth. 

Let us return to our hypersurface W. For a prime divisor D on W define the 
class of D as the image of 1 under 

H°(D sm , Qi) -> H 2n ~ 2 (D sm , Q e )* -> H 2n - 2 (D, Q £ )* -> H 2n - 2 (W, Q e )*. 

Extending this map linearly defines a linear map 

c\ :T>iv(W)^H 2n - 2 (W,Qt)* 

Since W is smooth in codimension 1, the Gysin sequence for (W, W s ing) yields an 
isomorphism H 2n ~ 2 (W S m, Qe) — > H 2n ~ 2 {W,Qi). In particular, c* of a divisor of 
function vanishes. 

A point P £ E(F q (V)) can be considered as a rational section up : V — > W of 
tt\w Denote with Sp the closure of the image of a p . Let W v be the generic fiber of 
7T : W -> V. There is a natural map E(¥~ q (V)) -> CH\W V ) by sending P to S P - 
So- From [9] it follows that there is a natural section CH X {W V ) — > CH 1 (W) to the 
restriction map CH 1 {W 71 ) -> CH 1 (W). This defines a map E(F^(V)) -> CF^W) 
sending F->Ep - So + Dp, where Dp is some divisor such that ir(Dp) ^ V. (For 
the details how to find Dp see [9].) Since all fibers are irreducible, we have that 
Dp is the pullback of a divisor from V. 

Let H 2n ~ 2 (W, Qe)*~ be the — 1-eigenspace of i* . There is a natural map from 
H 2n - 2 (W,Qi)* -> iJ c 2 "- 2 (PF,Q^)*- mapping a to a - t*(a). (Note that the class 
of Dp is mapped to zero under this map.) Composing c* with this map, we obtain 
a natural homomorphism of groups E(F q (V)) — >■ H 2n ~ 2 (W, Q^)*~. 

Lemma 2.5. TTie natural map 

E(F~ q (V)) ®Q e ~> H 2n - 2 {W, Qt)~ 

is injective. 

Proof. Note that we work over F q . In particular, we can find a curve C that satisfies 
any property that holds for a general C C V. Let C be a curve in V. If C is 
chosen sufficiently general, then the general fiber of ir restricted to Wc '■= 7r _1 (C) 
is an elliptic curve. Then Wc — > C defines an elliptic curve Ec /F g (C). Since 
W is smooth in codimension 1 we have a natural isomorphism H 2n (W sm )* — > 
H 2n ~ 2 (W)*. Since the general fiber of Wc — > C is smooth, we have that Wc has 
only isolated singularities, and hence H 2 ((Wc) S m)* — H 2 (Wc)* ■ Composing these 
isomorphisms with 

H 2n - 2 (W sm )* P 4 H 2 (W sm ) H 2 ((W c )sm) V 4 H 2 ((W c ) sm )* 
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yields a map H^ n 2 (W)* -> iff (Wc)* , which commutes with c*. Hence it makes 
sense to consider the following diagram 

E(F~ q (V)) ® Q ^ H 2 c n - 2 {W, Q e )* 



E c (F q (C)) ® Q H 2 C (W C , Qe). 

If C is chosen sufficiently general then the specialization map 

E(F- q (V)) E c (T- q (C)) 

is injective. Since W is minimal it follows that for a general C the surface W<? has 
at most isolated ADE singularities. 

Let ip : Wc Wc be a minimal resolution of singularities. It is well-known 
that Wc — > Wc — > C is an elliptic surface. The exceptional divisors of ip are 
precisely the fiber components not intersecting the zero-section. Shioda [8] defined 
a pairing on the Mordell-Weil group of 7r|c : Wc — ► C. This pairing is induced from 
the intersection pairing, but takes values in Z[1/JV] for some integer TV. However, 
if we restrict the pairing to the subgroup of sections intersecting the same fiber- 
component of each fiber as the identity component then the pairing takes values 
in Z. This latter subgroup has finite index in MW(ir\c), and is called the narrow 
Mordell-Weil lattice. The narrow Mordell-Weil lattice injects into H 2 (W Cl Qe) and 
the image is orthogonal to the fiber components not intersecting the zero-section 
(cf. [5]). From this it follows that the image of the narrow Mordell-Weil lattice is 
contained in <p*(H 2 (Wc, Qe))- Since the image of the narrow Mordell-Weil lattice 
is orthogonal to the zero-section and the class of a general fiber, it follows that the 
narrow Mordell-Weil lattice is contained in ip*(H 2 (Wc, Q^)~). Hence 

E c {F~ q (C)) ® Q H 2 (W C , Qt)~ 

is injective and therefore 

E(F~ q (V)) ®Qe^ H 2n ~ 2 (W,Qi) 

is injective. Since H 2n ~ 2 {W, Qe) — > H 2 (Wc,Qe) is t*-equivariant it follows that 

E{F~ q (V)) ® Q e -> H 2n - 2 (W, Q e ) -»• H 2n - 2 (W, Q e y 

is injective. □ 

With Pic(W) we denote the group of Cartier divisors on W modulo linear equiv- 
alence. There is a natural map from Pic(W / ) — > CH 1 (W) the group of codimension 
1 cycles in W modulo rational equivalence. 

Proposition 2.6. Let N(W) C CH 1 (W) be the subgroup generated by the divi- 
sors on W that are homologically trivial. Let P(W) C CH (W) be the subgroup 
generated by N(W) and Pic(W). Then there is an injection 

E(Fg~(V)) <g> Q -»• {CH 1 (W)/P(W)) ® Q. 

Proof. There is a natural isomorphism Pic(M^) = H 1 (W,G m ). Using the Kummer 
sequence we get a map a : Pic(W) -> H 2 (W, Qt). Since H l (W, Qe) = H l (V, Qe) 
(by Proposition 12. 4|) it follows from the Kummer sequence that the kernel of c\ 
is contained in 7r*Pic(V). From Proposition 12.41 it follows that i acts trivialy on 
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H 2 (W, Qi) hence it acts trivially on Pic(W) /ir* Pic(V). Since i acts also trivially 
on 7r* Pic(V) it has to act trivially on Pic(VF) <X> Q. 

Consider now the map c\ : CH 1 {W) -> H 2n ~ 2 {W,Qe)* -> H 2n - 2 (W, Qi)*~. 
The above discussion shows that c*(Pic(Vy)) is contained in the kernel of the sec- 
ond map. Since N(W) is the kernel of the first map, we obtain that Pic(W) + 
N(W) = P(W) lies in the kernel of the composition. Hence we can factor the map 
E(F q {V)) <8> Q ^ H 2n - 2 {W, Qi)*~ as 

E(F q (V)) <g> Q -> CH\W)/P{W) ® Q -> iTf^W, Q £ )*~. 

From the previous lemma it follows that the composition is injective. In particular, 
the first map is injective. □ 

Corollary 2.7. Suppose rankMW(7r) > 1. Then W contains a Weil divisor that 
is not Q-Cartier. 

Corollary 2.8. Suppose W is smooth in codimension 3. Then Tank E(Fg(V)) = 0. 

Proof. From [3j Theoreme XI.3.13] it follows that a hypersurface that is smooth in 
codimension 3 is Q-factorial, i.e., every Weil divisor is a Q-Cartier divisor. □ 

We have the following direct consequence. 

Corollary 2.9. Suppose dim^ > 2 and that W is either smooth or has isolated 
singularities. Then the rank of E(F q (V)) equals 0. 

3. Densities 

In this section we work over a finite field F g . Let k > be an integer. Define 

( H a (C k ) x {0} x H°(C 3k ) x H°{C Ak ) x H°(C 6k ) if p = 2, 
P k := I {0} x H°(C 2k ) x {0} x H°(C 4k ) x H°(C ek ) if p = 3, . 
I {0} x {0} x {0} x #°(£ 4fe ) x H a (C 6k ) if p > 3. 

With a point a := (oi, a,2i 03, 04, <zg) £ Pk we associate the hypersurface 

- " ''-hi 

which has a fibration 7r a : W a — > V in cubic curves with a marked point. Let 

Mk = {a£ Pk I there exists a, P £V such that tt^ 1 (P) is smooth} . 

For a G Mfe denote with .E a the corresponding elliptic curve over F q (V). Within 
Mk we have the subsets 

={a£ Mk I W a is smooth in codimension i}. 

(n) 

So C/i is the complement of the discriminant. Define 

R { k r) = {a G Af fc I rank.E a (F g (V)) = r}. 
We know from Corollary 12. 71 

* - . * . I \ i.n -1 1 t 1 1 . \ j - \ 1 1 il . 11 vi / 1*[ i*( s ! / 



VF a = V(-Y 2 Z - ai XYZ - a 3 YZ 2 + X 3 + a 2 X 2 Z + a A XZ 2 + a 6 Z 3 ) C P(£ fc 



c/fci?i 0) . 

(Actually, in the previous section it was shown that all element of Uj, that cor- 
respond to minimal Weierstrass equations are contained in IVl ■ A hypersurfaces 

that is not a minimal Weierstrass equations is singular in codimension 2, hence is 

(3) 

not contained in £/£ . Later on we will show that the a defining hypersurfaces 
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with non-isolated singularities have density zero, hence we might even completely 
disregard the non-minimal hypersurfaces.) 
For a subset S C U i Pi define 

#sn(uti^) 

n(S) = lim \ '- 

fe — #uli(^) 

whenever this exists. With ~fi(S) and fJ-(S) we denote the same quantity where we 
replace lim by lim sup or lim inf respectively. 

We will now prove that if n > 4 then fi(U ( k 3) ) = 1 and that fi(U ( k 3) ) = Cv(3) _1 if 
n = 3. This suffices to prove Theorem ll.fi 

In this section we rely on several of the ideas presented by Poonen in [Jj . In the 
presentation we focus on the difference between our situation and that of Poonen. 

Lemma 3.1. Let V <r C V be the subset of points ofV of degree at most r. Define 

V r '■= {a £ UiPi | W a is smooth at all points in 7T~ 1 (P) for all P E V <r } 

Then 

»{Vr)= n (i-<r (m+1)dog(p) ). 

Pev <T 

Proof. Let V <r — {R%, ■ . ■ , P s }. Let t%, . . . ,t m be local coordinates on V. 

Suppose first that p > 3. Then a\ = 02 — 03 = 0. The hypersurface correspond- 
ing to a point (0, 0, 0, 04, ciq) £ Pk is singular at some point over Pj of degree e if 
and only if the 2 x (m + 1) matrix 

(a^IU) §ff(P,) ... f^(Pi)\ 

is of the form 

-3i 2 ... 0\ /-3a 2 v 



2i 3 ... 0) 01 \ 2a" av 
where a, t e P g « and veF™ \ {0}. 

Now, let mi be the ideal sheaf of P; and Yi be the subscheme of V corre- 
sponding to the ideal of m 2 . Then the above conditions define a subset Si of the 
2m + 2-dimensional F g = -vector space H°(Yi, 0yJ x H°(Yi, OyJ containing g e ( m+1 ) 
elements. 

Hence (0,4, c^) belong to V r if and only if it is in the inverse image of 

s 

IJ((H (r i ,cv 4 )xH (y i> Oy 1 ))\ 1 s i ) 

under the map 

P k -> H°{Y,C 2k ® Y ) x H°(Y,C 3k ® O y ) = ^((P ^, OyJ x P°(i;-,Oy.). 

i=l 

Since £ is ample it follows that for fc 3> 1 the map 

P°(V,£ 4fc ) x P (V,/: 6fe ) -> H°(Y,£ 2k ® Oy) x P°(F, £ 3fc <g> Oy) 
is surjective [71 Lemma 2.1(a)]. Hence 



v3 



i=i 



„2(ro+l)degK 4 „(m+l)degR 4 

= n - — ^fc^ — - na - 9 - (m+i)dcs -). 
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Suppose now that p = 2. In this case ai, a 3 , 04, ae vary. There is a singular point 
of W & in the fiber of R if and only if 

• ai(ii) 7^ 0,x = a 3 (R)/ ai (R),y = (3x 2 + a^R)) / ai (R) , for all j = l,...m 
we have 

y 2 + (oi) tj + (a 3 ) t . = a; 3 + (a 4 ) 4j + (a 6 ) t . (R) 

and 

y 2 + a 1 (R)xy + a 3 (i?)y = x 3 + a 4 (R)x + a 6 (R). 
This defines a subset of H a (Yi, Oy^) A containing 

^(m+l)dogfl _ (? mdogfl^2(m+l)dog_R 

elements. (I.e., 02, a 3 are free, a 4 does not vanish at R4 and <26 is completely 
determined by 02,03,04.) 

• ai(i£) = 0,a 3 (i?) = 0, 3a; 2 = a 4 (i?) (this fixes x), y 2 — a 6 (i?) (this fixes y) 
and for all j we have 

y 2 + (ai)t 3 (R)xy + (a 3 ) tj (R)y = x 3 + {a 4 ) tj (R)x + (a 6 ) tj (R). 

This defines a subset containing 

2mdeg(.R) (m+l)deg.R deg(.R) _ q (3m+2) deg(ii) 

elements in H (Yi,O Yi ) 4 . 
The union of these two sets consists of g 3 ( m+1 ) dc s(R) elements. Hence the fraction 
of good elements is 

I _ -(m+l)deg(Jl) 

as it was in the case p > 3. The rest of the proof in this case is analogous to the 
case p > 3. 

If p = 3 then 02,04,06 vary. Assume first 02 (R) ^ then in order to have a 
singularity of W a in the fiber over p we need to have x — ai(R)/a 2 (R), y = 0. Now 
ae(R) and the value of its derivatives are completely determined by 02, 04 and their 
derivatives. Hence we get a set of size 

^(ro+l) deg(-R) _ q m^ q (m+l) deg(R) _ 

If a 2 (R) = then also 04 (R) = 0, a 6 (R) is free and yields x, all partials of a 6 
are determined by x and the partials of a 2 , a 4 . Hence we get 



q 2md cg {R) q de g {R) _ 



bad elements. 
In total we find 



^(m+l) deg(JJ) _ ? m^(m+l) deg(ii) + q 2mdeg(R) q d _ q 2(rn+l)dc g R 

bad elements. Hence the fraction of good elements is 

„2(m+l)dcg(_R) 
_ q = _ (m+1)deg(iJ) 

g3(m+l) deg(il) X y 

We can finish this case analogous to the previous two cases. □ 

Lemma 3.2. Let R G V be a closed point of degree e, with e < k/(6m + 6). Then 
the fraction of a G Pu such that the corresponding hypersurface Y is singular at 
some point over R equals g~( m+1 ) e . 



RANK OF ELLIPTIC n-FOLDS 



11 



Proof. Let mp be the maximal ideal of P, let Y be the scheme associated with m 2 P , 
let S C ft be the subset of bad elements constructed in the proof of the previous 
lemma. 

Since C is very ample we can use it to embed V in projective space. From [7J 
Lemma 2.1] it follows that 

f H (O Y (4k)) x H (O Y {6k)) ifp>3 

ip k : V k -»• < H (O Y (2k)) x H°(0 Y (4k)) x H°(0 Y (6k)) if p = 3 

[ H (O Y (k)) x H (O Y (3k)) x iJ o (0 y (4fc)) x i7°(Oy(6fc)) if p = 2 

is surjective if 6fc > (m + l)e. 

Now, a G Affc defines a hypersurface singular at a point over R if and only if it 
is mapped to a point in S under tp).. In the previous lemma we proved that 

#S _ 1 
#H°(Y,O y )s q(m+l)e 

From this the result follows. □ 

Analogously to Lemma 2.4] one obtains the following lemma: 
Lemma 3.3. Define 

there exists a P € V with 
r < dee; P < 



grnedium = , & £ P) 



6(m+l) ' 

such that Y is singular at a point over P. 



Then linv-j.oo n{Q™ ediMm ) = 0. 

Proof. See [3 Lemma 2.4]. □ 



Lemma 3.4. Define 

Q high = |a£P fc 
Then Ji(Q hi 9 h ) = 0. 



there exists a P G V with 
deg P > w fc , n 

& — 6(m+l) 

smc/i t/iat y is singular at a point over P. 



Proof. We treat first the case p > 3. 

Fix a «4 £ H (C 4k ). Let P G V be a point, tj., . .. ,t m local coordinates. If the 
hypersurface corresponding to (0,4,0,6) is singular over P then 



2 



ia 4 (P), 



Kk(P) = -z(a 4 ) ti (-P) and 



• a 6 (P) = —a; 3 - a±(P)x. 



We show now that the density of ag satisfying the above three conditions is 
zero. In order to do this we partially decouple the derivatives as in [7]. I.e., as in 
[3 Lemma 2.6] we may replace V by an affine open, and we choose coordinates 
fi, . . . ,t m on V as in loc. cit. Write 

a e = fo + YliWi) + hP 

i 

Then Di = Df + h?. Inside VxA 1 define Wq as the vanishing set of {3x 2 + a4(P)}. 
Set Hi = {Diae = — xDtan}. Let Wi := Wi-i R Hi. Similarly as in [3 Lemma 
2.6] we get that, conditioned on the choice of fo, hi, ■ ■ ■ , hi such that dimiPj = 
m — i, the probability that Hi+i has dimension m — i — 1 is 1 — o(l) and that, 
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conditioned on the choice of /o, hi, . . . , h m such that W m is finite, the probability 
that Wm(^{x 3 +a4(P)+ae(P)}r\U>d/(m+i) is empty is 1 — o(l). The key assumption 
in this part of the proof is that deg(P) > fe/6(m + 1). 

From this we deduce that the probability that y 2 — x 3 + 042; + ag is not smooth 
over a point of degree at least d/(m + 1) is bounded by nS) (1 — °W) = 1 — 

In characteristic 2 and 3 can basically apply the same trick: 

In characteristic 2 we have additional polynomials 01,03. We split our set up in 
the elliptic n-folds that have a singular point in a fiber over P such that ai(P) / 
and the set where such a singular point satisfies ai(P) = 0. 

In the former case the x and y are determined by ai(P),a 2 (P) and 04 (P) (see 
Lemma [3~Tj) . Hence given 01,02,04 we look for o 6 e H°{C 6k ) such that 

• o 6 (P) Zi = y 2 + a x (P) Zi a;y + a 3 {P) z% y - x 3 - a i {P) z% x 

• a 6 (P) = y 2 + a x {P)xy + a 3 (P)y - x 3 - a±{P)x 

We can decouple a§ as before, showing that P of degree at least k/(Gm + 6) that 
satisfy the above system have density 0. 

Now there might be singular points such that oi(P) = 0. This forces 03 (P) = 
and 3x 2 — a 4 (P) = and o 6 (P) = y 2 — x 3 — a 4 (P). So given a 4 , a 6 the final two 
equations determine x and y uniquely (or there is no solution). 

We first bound the set of a such that a singularity in the fiber over P with 
ai(P) = and such that the y-coordinate does not vanish. This means that given 
04, 06 we have a solution for x and y. Since y is non-zero we have: 

/ wp n Kk(P)^y- (o 4 (P))^x 
y 

In this case we can decouple a 3 as above. Now the final case, where y = 0, ai(P) = 
can be treated similarly. 

In characteristic 3 we have polynomials a 2 , 04, a 6 . If a2(P) ^ then 2a2(P)u; + 
ai(P) = 0, hence x is determined. To study the density of the solutions of 

a 2 {P)z t x 2 +a 4 (P) 2l =~a 6 {P) 

and x 3 + a2(P)x 2 + a^(P)x + a 6 we can decouple the variables in a§ and proceed 
as above. 

In case that ai (P) = then 04 (P) = and a; 3 = — a§(P). Hence x is determined 
by <1q and we can decouple with respect to 04 provided that i^0. 

For the case that give rise to singular points with x = one notices that ae is 
singular at P. This can be treated as in Poonen Lemma 2.6]. □ 

Theorem 3.5. With notation as before 

/ rr ,,u / 1 if dimV> 2 
M(t/ fc (3)) = j Cv(3) _ x j/dimy = 2 

Proof. If dim V > 2 and a G f/i ' then Wa has a singularity over a point P of 

1*31 

arbitrary high degree. From the previous lemma it follows that ^(Uf, ) = 0. 

If dim V = 2 the proof is the same as the proof of Theorem 1.2 in Poonen [7j 
Section 2.4]. □ 
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